The present analysis considers the steady magnetohydrodynamic (MHD) laminar boundary layer flow of an incompressible electrically conducting fluid caused by a continuous moving wedge in a parallel free stream with a variable induced magnetic field parallel to the wedge walls outside the boundary layer. Using a similarity transformation, the governing system of partial differential equations is first transformed into a system of ordinary differential equations in the form of a two-point boundary value problem (BVP) and then solved numerically using a finite difference scheme known as the Keller box method. Numerical results are obtained for the velocity profiles and the skin friction coefficient for various values of the moving parameter λ, the wedge parameter β, the reciprocal magnetic Prandtl number α and the magnetic parameter S. Results indicate that when the wedge and the fluid move in the opposite directions, multiple solutions exist up to a critical value λ c of the moving parameter λ, whose value depends on the values of S and β.
Introduction
Magnetohydrodynamics (MHD) is a subject that studies the behavior of an electrically conducting fluid in the presence of an electromagnetic field with applications in many different fields of engineering as well as geophysics, astrophysics, manufacturing, etc. The subject of MHD has been applied, for example, in problems associated with the confinement of plasma by magnetic fields and in projects involving thermonuclear generation of energy. In recent years it has been widely used in metallurgy industries involving sheet-like materials such as production of paper, polymer sheets and wire drawing and in horizontal continuous casting of hollow billets. For examples of these applications, see Li et al. [] and Yan et al. [] . Historically, the study of the hydrodynamic behavior of the boundary layer on a semi-infinite flat plate in the presence of a uniform transverse magnetic field has been first considered by Rossow [] . Since then, the study of MHD flow and heat transfer fields past moving surfaces has drawn considerable attention with variations in types of geometrical surfaces and types of fluids.
The steady laminar flow of a viscous and incompressible fluid passing a fixed wedge was first analyzed in the early s by Falkner and Skan [] to illustrate the application of http://www.boundaryvalueproblems.com/content/2013/1 /20 Prandtl's boundary layer theory, in which a similarity transformation was used to reduce the boundary layer equations to an ordinary differential equation known as the Falkner [], Yao [] , and Abbasbandy and Hayat [] . Similarity solutions for pressure gradient driven flow over a stretching boundary were analyzed by Riley and Weidman [] for the case of external velocity and boundary velocity being proportional to the same powers of the downstream coordinate. Very interesting and extensive results were reported demonstrating a rich variety of solutions available, including the existence of multiple solutions, and an exact solution was also presented for β = -. The present work aims to study the boundary layer flow over a moving wedge in a parallel free stream of an electrically conducting fluid with the induced magnetic field. It considers an extension of the results reported by Riley and Weidman [] and Ishak et al. [] on the flow characteristics of a moving wedge in a parallel free stream. Both studies reported the existence of multiple solutions when the fluid and the wedge move in the opposite directions within a specific range of moving parameter λ and a critical value λ c beyond which the solution is non-existent. The present study considers the corresponding MHD flow of the paper by Ishak et al. [] , but with the induced magnetic field, and investigates how this magnetic field affects the flow and the critical value λ c . The induced magnetic field is assumed to be applied parallel to the wedge walls at the outer edge of the boundary layer. Such an induced magnetic field has been also considered by Davies 
Basic equations
Consider the steady laminar flow of an incompressible electrically conducting fluid caused by a continuous moving wedge in a parallel free stream with a variable induced magnetic field applied parallel to the wedge walls outside the boundary layer (inviscid flow). Following Apelblat [] or Cowling [] , the basic equations for the flow of a viscous, electrically http://www.boundaryvalueproblems.com/content/2013/1/20 conducting, incompressible fluid can be written in a vectorial form as follows:
where V is the fluid velocity vector, H is the induced magnetic field vector, P = (p + μ|H|  /π) is the magneto-hydrodynamic pressure, p is the fluid pressure, μ, ν, σ , ρ and ς = (πμσ ) - denote the magnetic permeability, kinematic viscosity, electric conductivity, fluid density and magnetic diffusivity, respectively. We take the Cartesian coordinates x measured along the surface of the wedge and y normal to it, respectively. If (u, v) and (H  , H  ) are the velocity and magnetic components in (x, y) directions, respectively, subject to the boundary layer approximations, equations ()-() for the problem under consideration can be reduced to
where U e (x) and H e (x) are the x-velocity and magnetic field at the edge of the boundary layer, respectively. We assume here that U e (x) = U ∞ x m and H e (x) = H  x m , where U ∞ is the constant velocity at the outer edge of the boundary layer and H  is the value of H e (x) at x = . Further, m is also a constant, which varies in the range  ≤ m ≤ . We will take the boundary conditions of equations ()-() to be
where U w is a positive or a negative constant. By applying the similarity variables
equations ()-() can be reduced to the following system of nonlinear ordinary differential equations:
subject to the boundary conditions () which are now transformed to
where primes denote differentiation with respect to η. Further, λ is the moving parameter, α is the reciprocal magnetic Prandtl number, β is the wedge parameter and S, the ratio of the magnetic to dynamic pressure, is the magnetic parameter. These parameters are defined as
We The physical quantity of interest is the skin friction coefficient which is defined as
where the wall shear stress is given by τ w = μ(∂u/∂y) y= . Using the similarity variables (), we obtain
where Re x = U e (x)x/ν is the local Reynolds number. We also notice that for λ =  the present problem corresponds to the MHD boundary layer flow over a static wedge, which has been considered by Apelblat [] , in which the MHD wedge problem was solved using the Laplace transform method to give an infinite series approximation solution for f () and g (). On the other hand, it may be noted that for S =  (without a magnetic field), equation () reduces to that of Ishak et al. [] . Therefore, as S =  implies the absence of a magnetic field, equation () governing the induced magnetic field is no longer necessary.
Results and discussion
Nonlinear ordinary differential equations () and () subject to the boundary conditions () form a two-point boundary value problem (BVP) and are solved numerically using the Keller box method as described in the book by Cebeci and Bradshaw [] . In this method, the solution is obtained using the following four steps:
(i) Reduce equations () and () to a first-order system.
(ii) Write the difference equations using centered differences.
(iii) Linearize the resulting algebraic equations by Newton's method and write them in the matrix-vector form. (iv) Solve the linear systems by the block-tridiagonal-elimination technique. The numerical method is then programmed using MATLAB Ra software. To obtain a numerical solution, it is required to make an appropriate guess for the step size of η, http://www.boundaryvalueproblems.com/content/2013/1/20 Table 2 Values of f (0) for λ = -0.4, β = 0.05
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η and the thickness of the boundary layer η ∞ (typically a finite number between  to  is chosen). Beginning with some initial guess value of η ∞ , equations () and () subject to the boundary conditions () together with some particular set of parameters are solved to obtain the velocity profiles f (η) and the induced magnetic profiles g (η). The solution process is repeated until further changes (increment) in η ∞ do not lead to any changes in the values of f () and g () or, in other words, the results are independent of the value of η ∞ . The initial step size employed is h = η = .. The skin friction coefficient f (), the velocity profiles f (η), the induced magnetic profiles g (η) and the rate of change of the induced magnetic field, which we will henceforth call the induced magnetic gradient, g () are obtained for various values of the governing parameters, namely the moving parameter λ, the wedge parameter β and the magnetic parameter S. In order to assess the accuracy of the numerical method used, we have compared some of our results for the non-magnetic case (S = ) with those obtained by Riley We observed that the results obtained for the present study are found to be in very good agreement with those obtained by earlier researchers. Therefore, the developed code can be used with confidence for the magnetic case ( < S < ).
Variations of the velocity profiles f (η) and the induced magnetic profiles g (η) with the moving parameter λ, the wedge parameter β, the magnetic parameter S and the reciprocal magnetic Prandtl number α are presented in Figures  to . All the sample profiles satisfy the far field boundary conditions () asymptotically, thus supporting the numerical results obtained. From these figures, we see that as the values of λ and β increase, both the fluid velocity f (η) and the induced magnetic field g (η) also increase while the velocity boundary layer thickness decreases. In contrast, as the values of S and α increase, the fluid velocity and the induced magnetic decrease while the velocity boundary layer thickness increases. We also notice that the effect of the reciprocal magnetic Prandtl number α is more pronounced on g (η) compared to f (η). parameter S, with  ≤ S < , the solution is unique for all values of λ ≥ λ c , where λ c is the minimum value of λ for which the solution exists. The critical value |λ c | decreases as the value of S increases. In our calculation for the case β = ., the solution stops to exist when the value of the induced magnetic gradient reaches g () = . As is evident from Figure  , the value of the skin friction coefficient f () also decreases as the value of the magnetic parameter S increases. Furthermore, this decrease becomes more rapid for higher values of S.
Figure  presents the variation of the skin friction coefficient f () and the induced magnetic gradient g () as a function of λ for various values of the magnetic parameter S when the wedge parameter is fixed at β = .. The figure indicates that for all values of S ( ≤ S < ), the solution is unique for all values of λ ≥ , while dual solutions exist for some range of values of λ c ≤ λ < . Furthermore, the skin friction coefficient f (), the induced magnetic gradient g () and the critical value |λ c | decrease as the value of S increases. As evident from Table , the critical value λ c for β =  and β =  in the nonmagnetic case (S = ) that we computed in this study shows an excellent agreement with http://www.boundaryvalueproblems.com/content/2013/1/20 of S ( ≤ S < ), the solution is unique for all values of λ ≥ , while triple solutions exist for some range of values of λ c ≤ λ < . Similar to the previous considered cases, the skin friction coefficient f (), the induced magnetic gradient g () and the critical value |λ c | also decrease as the value of S increases. Here, we also found that for the second and third solutions, the values of the induced magnetic gradient are also usually very small |g () <  - |. wedge parameter β increases. Figure  also indicates a rich variety of solutions depending on the value of the wedge parameter β. Following Riley and Weidman [] for the nonmagnetic case (S = ), we draw particular attention to the following interesting features of the solution set in the presence of the magnetic field with S = .. For . < β ≤ , there is a unique solution for λ ≥  and dual solutions for some range of λ c < λ < ; for . < β ≤ ., the solution is unique for all λ ≥ λ c ; for  ≤ β ≤ ., triple solutions are available for some range of values of the parameter λ. To be more specific, our computation shows that for β = ., a unique solution has been found for the range -. ≤ λ ≤ -. and λ ≥ -., while triple solutions have been found for the range -. ≤ λ ≤ -.. This result is qualitatively consistent with the result reported by Riley and Weidman [] , where triple solutions were found for  < β < ., a unique solution for all λ when . < β < . and dual solutions for some range of λ when . < β < . We mention here that Riley and Weidman [] reported that for the non-magnetic case (S = ), all solution curves for β >  have the point (, ) as a limit point. In the present study, our computation shows that the solution curves terminate near the point (-., ), as it is evident from http://www.boundaryvalueproblems.com/content/2013/1/20 Following the convention adopted by earlier researchers, we define the first two upper branches of solutions as those for which f () is greater for a given value of β, while the third branch is that with the smallest value of f (). We notice that the velocity profiles f (η) for the first two upper branches of solutions exhibit the same monotonic behavior. The boundary layer for the first branch is usually very thin and the velocity profile f (η) rapidly attains the value f (∞) = . In general, the third branch of solutions usually involves a much larger boundary layer thickness compared to the other two branches. It is usually characterized by starting off with a rather small value of f () > , with a non-http://www.boundaryvalueproblems.com/content/2013/1/20 [], we postulate that the upper branch of solutions with the highest value of f () (first solutions) are physically stable and occur in practice since it is the only solution for λ > , i.e., when the fluid and the solid surface move in the same direction.
A reduction in the skin friction f () implies a reduction in the drag force. Thus, the magnetic field reduces the drag force and speeds up the separation. On the other hand, increasing the included angle of the wedge will increase the drag force, hence delaying the separation. This result is consistent with that reported by Ishak et al. [] .
According to the Lorenz law, the induced magnetic field will oppose the change in the original magnetic field rather than the field itself. If, for example, the original field is decreasing, then the induced magnetic field must be in the same direction as the original field to oppose the decrease. g () increases monotonically with the increasing value of λ. This increase is supposedly opposing a decrease in the original magnetic field. Furthermore, the induced magnetic gradient also decreases with the increase in S, which is consistent with the Lorenz law. We also notice that the effect of both S and β is more pronounced on the skin friction f () compared to the induced magnetic gradient g ().
Conclusions
In this paper, we have considered similarity solutions for the steady MHD boundary layer flow due to a continuous moving wedge in a parallel free stream with the induced magnetic field. We investigated the effects of the moving parameter λ, the ratio of magnetic to dynamic pressure S, the wedge parameter β and the reciprocal magnetic Prandtl number α on the flow field and the induced magnetic field characteristics. It has been found that increasing the values of the moving parameter λ and the wedge parameter β speeds up the fluid flow. In contrast, increasing the ratio of magnetic to dynamic pressure S and the reciprocal magnetic Prandtl number α slows down the fluid flow. Furthermore, the skin friction or the surface shear stress f () and the induced magnetic gradient g () decrease with the increase of the ratio of magnetic to dynamic pressure S, but increase with http://www.boundaryvalueproblems.com/content/2013/1/20 the wedge parameter β. We have also demonstrated the existence of a rich variety of solutions by varying the value of the wedge parameter β. We have also found that when the wedge and the fluid move in the same direction, the solution is unique for all values of the parameters β and S. However, when the wedge and the free stream move in the opposite directions, multiple solutions exist for some range of values of the moving parameter λ as soon as the value of the moving parameter is greater than a critical value λ = λ c . This critical value of λ is dependent on both parameters β and S. It has been found that increasing the wedge parameter β will increase the value of |λ c |, while increasing the ratio of magnetic to dynamic pressure S will reduce it. Thus, increasing the ratio of magnetic to dynamic pressure speeds up the boundary layer separation, while increasing the wedge parameter β delays it.
